Introduction
Frobenius bimodules are connected with Frobenius algebras and extensions. For instance, a ring extension ϕ : R → S is a Frobenius extension if and only if R S S is a Frobenius bimodule [1] . Brzeziński and Gómez-Torrecillas studied in [4] certain properties of comatrix corings in relation to properties of bimodules. In particular they showed that the comatrix coring [6] induced by any Frobenius bimodule is a Frobenius coring. Recently, Castaño Iglesias and Nȃstȃsescu [5] studied quasi-Frobenius extensions from the viewpoint of quasi-Frobenius functors. The ring extension ϕ : R → S is quasi-Frobenius (left and right extension) if and only if the restriction of scalars functor ϕ * : S M → R M is a quasi-Frobenius functor (Remark 1.2). Following this direction, we shall extend some results in [4] to the case when R M S is a quasi-Frobenius bimodule. Using the notion of quasi-Frobenius functor and properties on quasi-Frobenius corings given in [5] , we discuss the questions of when a quasi-Frobenius bimodule induce a quasi-Frobenius extension and a quasi-Frobenius coring.
Throughout this paper all rings will be assumed to have identity, and all modules to be unital. We use the standard module theory notation, for example a (R, S)-bimodule M is denoted by R M S , Hom R (−, −) denotes the Abelian group of R-module maps. The dual of a left R-module M is denoted by ( R M) * . Finally, R M S denotes the category of all (R, S)-bimodules. Let R M S and R N S be (R, S)-bimodules. M is said to be similar to N, abbreviated R M S ∼ R N S , if there are m, n ∈ N and (R, S)-bimodules P and Q such that
. It is easy see that "∼" defines an equivalence relation on the class of (R, S)-bimodules. We start by recalling the definition of quasi-Frobenius functors between Grothendieck categories given in [5] .
Let A be a Grothendieck category and consider an object X of A. For any positive integer n, we denote by X n the direct sum of n copies of X in the category A. Given additive and covariant functors L, R : B → A between Grothendieck categories, we say that L divide to R, denoted by L | R, if for some positive integer n there are natural transformations
1.1 Definition. The functor F : A → B is said to be quasi-Frobenius functor if F has a left adjoint L : B → A and also a right adjoint R : B → A with L similar to R.
1.2 Remark. Let ϕ : R → S be a ring extension. Associated to ϕ we have the restriction of scalars functor ϕ * : S M → R M, the induction functor S ⊗ R − : R M → S M and the coinduction functor Hom R ( R S S , −) : R M → S M. It is well known that ϕ * is right adjoint to S ⊗ R − and left adjoint to Hom R ( R S S , −). Then ϕ * is a quasi-Frobenius functor if the functor S ⊗ R − is similar to Hom R ( R S S , −). This is equivalent to assuming R S finitely generated projective and S S R ∼ Hom R ( R S, R). On the other hand, recall of [7] that a ring homomorphism ϕ : R → S is called left quasi-Frobenius extension if R S is finitely generated and projective and S S R | Hom R ( R S, R). Equivalently, S R and R S are finitely generated projective and Hom
Similarly, ϕ is called right quasi-Frobenius extension if S R is finitely generated projective and
Then ϕ is a quasi-Frobenius extension (left and right extension) if R S is a finitely generated projective and
. Therefore, the ring extension ϕ is quasi-Frobenius if and only if ϕ * : S M → R M is a quasi-Frobenius functor.
Quasi-Frobenius bimodules
In this section we generalize the notion of Frobenius bimodule to quasi-Frobenius bimodule.
Recall of [1] that a (R, S)-bimodule M is called Frobenius bimodule if R M and M S are finitely generated and projective modules and ( R M)
We start with the following definition.
Definition. An (R, S)-bimodule M is said to be quasi-Frobenius bimodule, if both
R M and M S are finitely generated projective and
For any ring extension ϕ : R → S, it is easy to see that ϕ is a quasi-Frobenius extension if and only if the natural bimodule R S S is a quasi-Frobenius bimodule. So quasi-Frobenius bimodules generalize quasi-Frobenius extension.
Remark.
It is obvious that the class of quasi-Frobenius bimodule contains Frobenius bimodules. In general, a quasi-Frobenius bimodule need not be a Frobenius (an example of finite-dimensional quasi-Frobenius algebra which is not a Frobenius is gives in [8] ).
The following shows some relations between quasi-Frobenius functors and bimodules. If R M S and S N T are bimodules, then M ⊗ S N receives the natural (R, T )-bimodule structure indicated by r(m ⊗ n)t = rm ⊗ nt.
Proposition. Suppose
* and ((M ⊗ S N) T ) * are finitely generated and projective modules, since R M, M S , S N and N T are finitely generated projective modules. Next we apply Hom S ( S N, −) to ( R M) * ∼ (M S ) * to obtain: Proof. (a) ⇒ (b). Suppose R M and M S are finitely generated projective modules and
, since R M is a finitely generated projective. Therefore, (M S ) * ⊗ R − and Hom R ( R M, −) are similar, which implies that M ⊗ S − is a quasi-Frobenius functor. (b) ⇒ (a). Assume that M ⊗ S − is a quasi-Frobenius functor. By [5, Theorem 2.2], R M S is a finitely generated projective on both sides with (M S )
As a immediate consequence of the proposition above with M = R S S and Remark 1.2, we have
Corollary. Let ϕ : R → S be a ring extension. Are equivalent the following assertions (i) ϕ is a quasi-Frobenius extension. (ii) R S S is a quasi-Frobenius bimodule.
(iii) ϕ * : S M → R M is a quasi-Frobenius functor.
Consider now an (R, S)-bimodule M and let T = End S (M S ) be the endomorphism ring of M S . Then there is a ring extension ϕ : R → T defined by r → ϕ r (m) = rm. Note too the natural bimodule T M S given by tms = t(m)s. The next theorem generalize the classical endomorphism ring theorem to the case of quasi-Frobenius bimodules.
Theorem. If R M S is a quasi-Frobenius bimodule, then T = End S (M S ) is a quasiFrobenius extension of R.
Proof. By Definition 2.1, it suffices to prove that R T T is a quasi-Frobenius bimodule. Ap-
On the other hand, note that R T is finitely generated projective, since M S and (M S ) are finitely generated projective modules. So R T T is a quasi-Frobenius bimodule.
A converse of this theorem is give below where (1) is a condition Willard's, which is satisfied by a generator module [10] .
Proposition. Let R and S be rings and M a (R, S)-bimodule such that R M and M S are both finitely generated projective modules. Suppose T = End S (M S ) is a quasi-Frobenius extension of R, and
Hom
Then R M S is a quasi-Frobenius bimodule.
Proof. In the computation below, we apply the Hom-Tensor Relation, the necessary con-
Now the proposition follows, since R M and M S are both finitely generated projective modules.
Application to corings
Let A be an associative and unitary algebra over a commutative ring (with unit) k. We recall from [9] that an A-coring C consists of an A-bimodule C with two A-bimodule maps A characterization of such corings is given in [5, Theorem 5.5] . In particular an A-coring C is a quasi-Frobenius coring if and only if A C is finitely generated projective and C ∼ E as (A, E)-bimodules where E is the opposite algebra of C * . Associated to any (R, S)-bimodule M we can consider the comatrix S-coring (M S ) * ⊗ R M provided M S is a finitely generated projective [6] . As for Frobenius bimodules we obtain the following theorem, which generalizes [4, Theorem 3.7] .
3.2 Theorem. Let R M S be a bimodule and T = End S (M S ) be the endomorphism ring. Then
Proof. (a). Suppose that R M S is a quasi-Frobenius bimodule. Then the functors (M S ) * ⊗ R − and Hom R ( R M, −) are similar by Proposition 2.5.
This is equivalent to
where E is the opposite algebra of (( R T ) Following Sweedler [9] , given a ring extension ρ : R → S one can view C = S ⊗ R S as an S-coring. C is known as Sweedler's coring associated to ρ. As an immediate consequence of Theorem 3.2 we obtain the following corollary.
3.3 Corollary. If R S S is a quasi-Frobenius bimodule, then the Sweedler's coring S ⊗ R S is a quasi-Frobenius coring.
Remark.
A similar proof to Brzeziński [2, Theorem 2.7] show that R → S is a quasi-Frobenius extension whenever R S is faithfully flat and S ⊗ R S is a quasi-Frobenius coring. T ⊗ R T qF-coring
Rem. 3.4
O O
